DAS Week 7, 18.11.2022 WS 2022

Problem 17. Let K be a field and let

00—V —V—----—V,—0

be an exact sequence of (finite-dimensional) vector spaces over K. Show that
n
Z(—n’ dim(V;) = 0.
i=1

Problem 18. Let R be a ring. Consider the following commutative diagram of R-

modules and R-morphisms.
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Assume that the three rows are exact and that the two columns on the right are exact.
Prove that then the left column is also exact.

Problem 19. Let R be a ring. If
f g
0—B—E—A—700

is a short exact sequence of R-modules, the triple (f, E, g) is called an extension of A by
B.
(a) Prove that, for any two R-modules A, B, at least one extension of A by B exists.

(b) Two extensions (fi, E1, g1) and (f2, E2, g2) of A and B are equivalent if there exists
an R-morphism h: E; — Ej such that ho f; = fo and g2 o h = g;. Prove that such

an R-morphism A is an isomorphism.

(c) Show that the following two are non-equivalent short exact sequences

O—)ZQ—>ZQXZ4—>Z4—>O

0—>Zy — Zg — Z4 — 0,

i.e., that these are extensions of Z4 by Zy that are not equivalent. (Here Z, := Z/nZ.)



