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Problem9. Identify
∧2(R3) with R3 by identifying 41 ∧ 42 with 43, 42 ∧ 43 with 41

and 43 ∧ 41 with 42. Show that under this identification, the exterior product E ∧F ∈∧2(R3) = R3 is the same as the cross product E ×F ∈ R3.

Problem10. Let  be a field and let � = (08, 9 )8, 9∈[=] be an = × =-matrix with entries in
 . Denote by 41, . . . , 4= the standard basis of  = . Show that

(�41) ∧ · · · ∧ (�4=) =
∑
c∈S=

sgn(c)01,c (1) · · ·0=,c (=) 41 ∧ · · · ∧ 4= = det(�)41 ∧ · · · ∧ 4= .

Problem11. The following problem outlines a proof of Theorem 1.6.7 that is different
from a straightforward generalization of the proof of Theorem 1.6.2. Let + be a vector
space with basis {41, . . . , 4=}.

(a) For a fixed tuple � = (81, ..., 8A ) with 1 ≤ 81 < 82 < · · · < 8A ≤ =, use multilinear
extension to conclude that there exists a multilinear map i� : + A →  satisfying

i� (4 91, . . . , 4 9A ) =


sgn(f) if there exists a permutation f of [r] s.t. 9f (:) = 8:
for all : ∈ [A ];

0 otherwise.

for all ( 91, . . . , 9A ) ∈ [=]A .
(b) Show thati� is alternating, and conclude that it therefore factors through

∧A : + A →∧A + to yield a linear map i� :
∧A + →  satisfying i� ◦

∧A = i� . (Careful: it is
not sufficient to check the alternating property on tuples of basis vectors!)

(c) Show that the set { 4 91 ∧ · · · ∧ 4 9A : 1 ≤ 91 < 92 < · · · < 9A ≤ = } is linearly
independent. (Consider a linear relation of these elements and apply suitable maps
i� to conclude all the coefficients are zero.)


