DAS Week 3, 21.10.2022 WS 2022

We discuss Problem 6 from Week 2; in addition the following problems. Again, all
vector spaces are finite-dimensional.

Problem 7. Let U, V be vector spaces.

(a) Letuy, ..., u, € U be linearly independent. For x € U ® V having a representation
x = Yl u ®v; with o, ..., v, € V, show that vy, ..., v, € V are uniquely
determined.

(b) Show that there exists an isomorphism of vector spaces ¢: U ® V* — Hom(V,U)
satisfying ¢(u ® f)(v) = f(v)uforallu e U, f e V*,and v € V.EI

Problem 8. Let (V;);c; be a family of vector spaces with a finite index set I. Recall that
the (external) direct sum is

P Vi = { @dier : v € Vi }

iel

with the componentwise vector space structure. For every k € I, there is a monomor-

phism ¢ : V. — @id Vi, v (0,...,0,0,0,...,0) whose only nonzero entry is in the
k-th component.
(a) Show that €P,_; V; (together with (¢;);er) satisfies the following universal property:

If W is a vector space and (f; € Hom(V;, W));e; are homomorphisms, then there
exists a unique homomorphism g: €P,_;V; = W such that go¢; = f; foralli € I.

iel

(b) Let (Uj)je; be another family of vector spaces. Show that there is a canonical

isomorphis
(@%)@(@Vi) = P oW

jej i€l iel,je]

IThe map ¢ is injective even for infinite-dimensional vector spaces, but its image consists of those
linear maps g € Hom(V, U) having finite-dimensional image (i.e., dim g(V) < o).

The notion canonical is used here informally, and should mean that the isomorphism is given in
some sense by a simple/natural/canonical formula. The notion can be made precise with concepts from
category theory, cf. natural isomorphism of functors.

This isomorphism actually also works for infinite-dimensional vector spaces and arbitrary index sets I,
J. The external direct-sum then only consists of those tuples where all but finitely many components are
zero.



