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Problem2. Let+1, . . . ,+< ,,1, . . . ,,< be vector spaces. Show that there is an isomor-
phism

<⊗
8=1

Hom(+8,,8) → Hom
( <⊗
8=1

+8,

<⊗
8=1

,8

)
, )1 ⊗ · · · ⊗ )< ↦→ )1 ⊗ · · · ⊗ )< .

Careful: The notation )1 ⊗ · · · ⊗ )< is overloaded and has a different definition on the
left and the right side above! This isomorphism provides a justification to use the same
notation.

Surjectivity of the map. For each +8 fix a basis 48,1, . . . , 48,A8 . We know that

{ 41, 91 ⊗ · · · ⊗ 4<,9< : 91 ∈ [A1], . . . , 9< ∈ [A<] }

is a basis for+1 ⊗ · · · ⊗+< . As in the lecture, we set Γ := Γ(A1, . . . , A=) := [A1] × · · · × [A<].
For W ∈ Γ define 4W := 41,W (1) ⊗ · · · ⊗ 4<,W (<) . Then { 4W : W ∈ Γ } is a basis for+1 ⊗ · · · ⊗+< .

Fixing for each,8 a basis 58,1, . . . , 58,B8 , setting Δ = Γ(B1, . . . , B<), and making ana-
logous definitions, we have that { 5W : W ∈ Δ } is a basis for,1 ⊗ · · · ⊗,< .

Let) ∈ Hom
(⊗<

8=1+8,
⊗<

8=1,8

)
. Since) is linear, it is uniquely determined by its

action on a basis of +1 ⊗ · · · ⊗ +< . Each ) (4W ) is an element of,1 ⊗ · · · ⊗,< , so it is a
linear combination of 5X ’s with X ∈ Δ. Explicitly, for every W ∈ Γ and every X ∈ Δ, there
exist 2W,X ∈  such that

) (41,W (1) ⊗ · · · ⊗ 4<,W (<)) =) (4W ) =
∑
X∈Δ

2W,X 5X .

So far we have just done linear algebra (in a notationally complicated setting) and represented
) with respect to a nice basis. Now, in a first approach we might like to find )8 : +8 → ,8 such
that) (4W ) =)1(41,W (1) ) ⊗ · · · ⊗)< (4<,W (<) ). However, it’s not at all clear how to do this, since the
right hand side does not, in general, decompose nicely into a product of< suitable terms. In fact,
in general we can’t expect ) to be of the form )1 ⊗ · · · ⊗ )< ; we can only expect it to be a linear
combination of such maps. So let’s try something easier: Let’s try to show that a nice generating set
of Hom

(⊗<

8=1+8 ,
⊗<

8=1,8

)
is the image of the map. Then linearity will do the rest.

Claim: For every W ∈ Γ and X ∈ Δ, there exist (W,X,8 ∈ Hom(+8,,8) such that
((W,X,1 ⊗ · · · ⊗ (W,X,<) (4W ) = 5X and ((W,X,1 ⊗ · · · ⊗ (W,X,<) (4W ′) = 0 for W ′ ∈ Γ with W ′ ≠ W .

Proof of Claim: Expanding the notation, we want

(W,X,1(41,W (1)) ⊗ · · · ⊗ (W,X,< (4<,W (<)) = 51,X (1) ⊗ · · · ⊗ 5<,X (<) .
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But now it is clear how to achieve this: Choose (W,X,8 ∈ Hom(+8,,8) such that

(W,X,8 (48, 9 ) =
{
58,X (8) if 9 = W (8),
0 if 9 ≠ W (8).

�(Claim)

Writing Ψ for the homomorphism
⊗<

8=1 Hom(+8,,8) → Hom
(⊗<

8=1+8,
⊗<

8=1,8

)
and setting (W,X = (W,X,1 ⊗ · · · ⊗ (W,X,< ∈

⊗<

8=1 Hom(+8,,8) where W ∈ Γ, X ∈ Δ, and the
(W,X,8 are as in the claim, we have

Ψ((W,X ) (4W ′) =
{
5X if W ′ = W
0 if W ′ ≠ W

.

Define

)0 :=
∑
W∈Γ

∑
X∈Δ

2W,X(W,X ∈
<⊗
8=1

Hom(+8,,8).

Then, using linearity, for all W ∈ Γ,

Ψ()0) (4W ) =
∑
W ′∈Γ

∑
X∈Δ

2W ′,XΨ((W ′,X ) (4W ) =
∑
X∈Δ

2W,XΨ((W,X ) (4W ) =
∑
X∈Δ

2W,X 5X .

Thus Ψ()0) =) .


