Uni Graz Discrete and Algebraic Structures Winter 2020/21

Exercise Sheet 13
Due 21.1.2021

Rings are assumed to be unital; ring homomorphisms are assumed to preserve the multiplicative
identity. Problems 3 and 4 make use of some material from week 13 (cf. Section 5.3 of the Lecture
Notes)

Problem 1. Let R be a ring and let M be an R-module. Show that amap f: R" — R is
an R-morphism if and only if there exist my, ..., m, € M such that

f(ri,...,m) =rimy+ - +r,my forallry,...,r, € R

Conclude that M is finitely generated if and only if there exists an R-epimorphism
R" — M for some n > 0.

Problem 2. Let Rbe aring and let f: M — N be an R-morphism. Suppose that ker(f)
and im(f) are finitely generated. Show that M is finitely generated.

Problem 3. Consider the following commutative diagram of R-modules and R-morphisms,
in which rows and columns are exact.

A—sB—Lsc—0
u o W
D4y E_—tyF_ 4y
vf vg vh
L—tsM-—"yN >0
0 0 0

Prove ker(hoe) =imo +imd.
Problem 4. If
0— B L E-LaA— 0
is a short exact sequence of R-modules, the triple (f, E, g) is an extension of A by B.
(a) Prove that, for any two R-modules A, B, at least one extension of A by B exists.

(b) Two extensions (fi, E1, g1) and (f2, E2, g2) of A and B are equivalent if there exists
an R-morphism h: E; — Ej such that ho fi = f and g2 o h = g;. Prove that such
an R-morphism h is an isomorphism.

(c) Show that the following two are non-equivalent short exact sequences
O—>Z2—>ZQXZ4—>Z4—>O
O—)ZQ—)ZS—>Z4%O,

i.e., that these are extensions of Z4 by Zs that are not equivalent.



