Uni Graz Discrete and Algebraic Structures Winter 2020/21

Exercise Sheet 12
Due 14.1.2021

On this sheet all rings are assumed to be unital; every ring homomorphism is assumed
to preserve the multiplicative identity.

Problem 1. Let R = (R, +,-) be aring. For a, b € R define a -, b := b - a. Show that
(@) R°P == (R, +,¢p) is a ring. (It is called the opposite ring of R.)
(b) Every left R-module M is a right R°’-module with mr :=rm forr € R, m € M.
(c) If R is commutative, then trivially R = R°P. Is the converse true?

Problem 2. Let M be an abelian group and let End M be the set of all endomorphisms
on M, that is, the set of all group homomorphisms f : M — M. Show that

(a) (End M, +,0) is a ring, where (f + g)(x) := f(x) + g(x) for f, g € End(M) and
x € M.

(b) if Ris aring and p : R — End M a ring homomorphism, then M is an R-module
under the action R X M — M given by (A, m) — Am = (u(A4))(m).

(c) if Ris aring and M is an R-module, for every A € R, the map yy: M — M, m —
Am is a group endomorphism of M, and y: R — End(M), A — p, is a ring
homomorphism.

Problem 3. Let T: V — V be a linear endomorphism over a k-vector space V.

(a) Check that the vector space V can be made into a k[x]-module, defining multipli-
cation as follows: if f =} c;x' € k[x] and v € V, then

m

f-o= Z ¢iT'(v),

i=0

where T? denotes the i-fold composition (that is T = id, and T? := T""! o T for
i> 1)

(b) Show that W C V is a k[x]-submodule of V if and only if W is a k-vector subspace
of Vand T(W) C W.

Problem 4. Let M be an R-module. If S is a non-empty subset of M, define the annihi-
lator of S in R to be

AnngS={reR|VxeS: rx=0y}.
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(a) Show that Anng S is a left ideal of R and that it is a two-sided ideal whenever S is
a submodule of M.

(b) Let M be an R-module. If r, s € R show that
r—se€AnngM — Vx € M : rx = sx.

Deduce that M can be considered as an R/Anng M-module. Show that the annihi-
lator of M in R/Anng M is zero.



