Linear Recurrences Mini-course Exercises - Day 2 FMF, Ljubljana, June/July 2025

Exercise 1. One has Z,/p'Z, = Z/p'Z for all i > 0. (Analyze ker 7;: Z, — Z/p'Z.)
Exercise 2. If o, f € Z, with |a|, # |f,|, then | + |, = max {|0{|P, |ﬂ|p}

Exercise 3. The ring Z, is a domain (meaning, 0 is the only zero-divisor) and the
invertible elements are

Z;:{aezp:ﬂl(a);tO}:{Zaipi:OSaiép—l, aoqeo}.
n=0
Exercise 4. Show Legendre’s formula: if p is a prime and n € Ny, then
| n n—op(n)
. )
(note that the sum is actually finite). Here,

+ 0p(n) is the sum of digits of n in its base p representation, e.g., 03(10) = o3(1 -
3240-3'+1-3) =1+1=2.

o for all x € R, the expression |x| = max{m € Z : m < x} denotes the floor
function.

Exercise 5. In the p-adic topology, determine the convergence radii of the power series

o0 " R (_1)n+1 .
exp(x) = Z o and log(1+ x) = Z x".
n=0 "

n=1
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