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ABSTRACT. Unique factorization fails in many rings and monoids, but divisor and transfer
homomorphisms provide tools to understand non-unique factorizations. In this expository
article, we first explore these notions in the classical setting of commutative Dedekind do-
mains, where monoids of zero-sum sequences appear as a natural combinatorial model.
We then adapt these ideas to the setting of noncommutative Dedekind prime rings using
module-theoretic methods. Going a step further, we discuss Rump and Yang’s recent divi-
sor theory for ideals in hereditary noetherian prime rings, where divisors can be visualized
in a diagrammatic calculus.

1. INTRODUCTION

Decomposing mathematical objects into their simplest building blocks is a theme almost
as old as mathematics itself. Euclid proved that every natural number factors uniquely
into primes. Kummer discovered that unique factorization fails in rings of cyclotomic
integers Z[(] in the 19" century, famously collapsing Lamé’s attempt at proving Fermat’s
Last Theorem. This ultimately led Dedekind to define ideals, a concept now pervasive
throughout algebra. Ideals restore unique factorization at a higher level of abstraction in
rings of algebraic integers.

Looking beyond numbers, we decompose other objects: finite groups have unique com-
position factors by the Jordan-Holder Theorem, leading to finite simple groups as building
blocks of finite groups. Modules over a ring can often be decomposed into direct sums
of indecomposable modules. Sometimes, such as over finite-dimensional algebras over
a field, the Krull-Remak—Schmidt—-Azumaya Theorem guarantees the uniqueness of such
decompositions [BW13]. More often, these decompositions are non-unique. Permutations
factor as products of transpositions, orthogonal matrices as products of reflections. Singu-
lar matrices factor as products of idempotent matrices [Erd67, CT24].

Two basic questions arise: what are the building blocks, and how do they combine to
make up the original objects, especially in the non-unique case? For the second question,
the ideas of Kummer and Dedekind provide a blueprint. By moving to a different level of
abstraction, perhaps, we can further break up the simple objects into even smaller pieces,
restoring uniqueness. The study of non-unique factorizations then becomes the study of
how these pieces can be assembled to form the original objects.

Divisor and transfer homomorphisms are powerful tools in this endeavor. Transfer ho-
momorphisms were defined by Halter-Koch, formalizing an idea that Narkiewicz used for
rings of algebraic integers. In Section 2, we will start our journey in this expository arti-
cle by introducing these notions in the classical setting of commutative Dedekind domains.
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prime rings, hereditary noetherian prime rings.
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Detailed accounts are left to [BC11, Ger16, GZ20] and the books [GHKO06, Ger09] [Nar(04,
Ch. 9].

In Section 3 we will then venture into the noncommutative realm, meeting Dedekind
prime rings as a natural generalization of commutative Dedekind domains. There, we will
see how the ideas can be adapted to a noncommutative setting, based on [Sme19].

Concepts from commutative algebra typically have several interesting generalizations
to noncommutative algebra. Hereditary noetherian prime rings (HNP rings) form a strictly
larger class than Dedekind prime rings that also coincides with Dedekind domains in the
commutative setting.

In Dedekind prime rings, two-sided ideals surprisingly still factor uniquely as commut-
ing products of maximal ideals, exactly as in the commutative case. This is no longer true
in HNP rings: these rings allow us a peek into a world in which the factorization of ideals
itself fails to be unique, but only ever so slightly. While HNP rings are classical objects in
noncommutative ring theory and integral group representations, the multiplicative structure
of their ideals remained a mystery until very recently.

Ten years ago, Rump and Yang introduced a divisor theory that fully describes the struc-
ture of ideals in HNP rings [RY 16, Rum22, Rum25]. The multiplication of ideals is de-
scribed in terms of the natural noncommutative operation of function composition. Despite
the seemingly abstract setting, pleasingly, these divisors can be visualized as simple dia-
grams, and ideal multiplication translates into a straightforward gluing of such diagrams. A
glimpse at Rump and Yang’s beautiful theory will conclude our short journey in Section 4.
The visualization is the only minor new contribution of this article.

1.1. Setting out. Throughout, we consider the most basic type of factorizations: factor-
izations of elements of a ring into atoms, also called irreducible elements. We restrict to
non-zero-divisors, where the theory is most fruitful.

If Ris aring, let R® be its multiplicative monoid of non-zero-divisors. Most commonly,
the ring R will be a domain, then R®* = R\ {0}. Later it will be convenient to admit some
rings with zero-divisors, such as the matrix ring M,,(Z).

A non-invertible ¢ € R® is an atom if a = bc with b, ¢ € R®, implies that b or c is
invertible. A factorization of » € R® is then a representation of the form r = a1 ---a,
with a; atoms. Similar definitions apply if H is any multiplicative monoid.

Let us start with an easy example. Let o := =23 V2_23, and
D =7Za] ={a+ba:abeZ}.

In this ring, which is the ring of integers of the imaginary quadratic number field Q(1/—23),
we have the following factorizations of 8:

3+v—-23 3—-v-23

1 =2.2.2=
(L 8 > >

To see that the factors are atoms, we can note that the field norm N: Q(v/—23) — Q,
mapping  + yv/—23 to 22 + 23y? (x, y € Q), restricts to a multiplicative map D — Ny,
with N(a + ba) = a® + ab + 6. Since N(2) = 4 and N (3EL=22) = 8, it suffices to
observe that IV does not take the value 2 on D.

Note that the two factorizations in (1) do not even have the same length! To understand
what is going on, we need to consider ideals.
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2. FAMILIAR LANDSCAPES: COMMUTATIVE DEDEKIND DOMAINS

In a commutative Dedekind domain R, every nonzero ideal I factors uniquely into a
product of prime ideals [AM69, Ch. 9]:

I=P{Py . P,

In fact, the existence of such factorizations is one of the many equivalent definitions of
Dedekind domains [ZS75, §V.6][Cla25, §20.4]. Rings of integers in number fields, such
as the ring D we just encountered, are prototypical examples of Dedekind domains.

Writing (a) for the principal ideal generated by a € D, we can further factor the atoms
in our example into two distinct prime ideals P and Q:'

@) = PO, <3+ \/—23> _ P, <3— V—23> Q%
2 2
and (8) = P3Q3.

Here P and QQ are non-principal ideals, while PQ, P3, and Q? are principal. The
two different factorizations of 8 into atoms correspond to different groupings of the prime
ideals into products that are principal. Let us formalize this idea.

Let Max(R) denote the set of nonzero maximal ideals of R. In a Dedekind domain,
these coincide with the nonzero prime ideals. To multiply two ideals, represented as prod-
ucts of maximal ideals, we simply add up the exponents of the corresponding maximal
ideals. Denoting by Z(R) the monoid of nonzero ideals, this means that there is an isomor-
phism

(Z(R), ) —» (NMexUB) 4y per.pen vy 01 Pl 4+ e, P,

with the sum understood to be formal (and not the addition of ideals). We view elements of
N(()MaX(R)) as (effective) divisors: formal sums of maximal ideals with nonnegative integer
coefficients.

Composing the isomorphism with the natural monoid homomorphism R* — Z(R) that
maps a to the principal ideal (a), we obtain a monoid homomorphism

8 : R® — N{M=(R)

For example, we have 0(8) = 3P + 3Q).

It is easily checked that 9(a) = 9(a’) if and only if ' = au for some invertible u € R,
that is, if and only if a and o’ are associates. Since factorizations are only interesting
up to permutation and associates, the map O preserves all relevant factorization-theoretic
information.

Divisors reduce multiplication of elements to the addition of nonnegative integer vec-
tors. To study the factorizations of a through d(a) one obstacle remains: we need to be
able to recognize which divisors are principal, that is, are in the image of 0. This leads us
to divisor homomorphisms.

Since 0 is a monoid homomorphism, if a divides b (meaning b = ac for some c), then
d(a) divides O(b). Divisibility in the additive monoid N means that 9(a) is a
summand of (). This is equivalent to d(a) < 9(b) in the component-wise comparison
of the coefficients. The map O also enjoys the converse property.

'We do not discuss how to obtain these factorizations. The interested reader is referred to any introductory
text on algebraic number theory. The actual computation can be performed using a computer algebra system such
as SageMath, PARI/GP, or Magma.
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Definition 1. Let H, D be commutative cancellative monoids. A homomorphism ¢: H —
D is a divisor homomorphism if whenever ¢(a) divides ¢(b) in D, then a divides b in H
(forall a, b € H).

Proposition 2. The map 0: R®* — N(()MaX(R)) is a divisor homomorphism.

Proof. Suppose d(a) < 9(b). Then (b) = P, - - - P,,(a) with prime ideals P;. This implies
(b) C (a), and so b = ac for some ¢ € R®. O

The usual pair construction allows us to embed any commutative cancellative monoid
H into a group Q(H), its group of fractions. Elements of Q(H ) take the form ab~! with
a,be H.

Definition 3. If p: H — D is a divisor homomorphism, then its class group is Cl(y) =
Q(D)/Q(im ).
Lemma 4. Ford € D, it holds that d € im ¢ if and only if [d] = 0 in Cl(yp).

Proof. The non-trivial direction is that [d] = 0 implies d € im . If [d] = 0, then d =
@(a)p(b)~! for some a, b € H. Multiplying, this means dp(b) = ¢(a). Since ¢ is a
divisor homomorphism, then a = ¢b with ¢ € H. Now ¢(a) = ¢(c)p(b) = dp(b) implies
d = ¢(c) by cancellativity of D. O

Applied to 9 we now have a way to recognize principal divisors. In our example
Cl(0) = Z/3Z = {0,1,2}. The prime ideals P and @ represent the two non-trivial
classes 1 and 2, respectively. Mapping each prime ideal in our running example to its
class, we see that (2) = PQ) maps to 1«2, a formal product of the two classes (not their
sum in the class group!) which we call a sequence. Similarly,

<3+¢T3 (3\/723

= PP 1100,
2 2

> = Q32242
Observe that 1 +2=1+1+1=2+2+ 2 = 0in CI(9), reflecting the fact that the

corresponding ideals are principal. Moreover, we can see that no non-trivial subsequence

of these three sequences adds up to 0. This shows that the elements are atoms: for instance,

any non-trivial factor of 31¥=23 3723 would give rise to a subsequence of the length three

sequence T whose classes add up to 0, but the only non-trivial subsequences of T are T
and Tz, for which this is not true.

The number 8 maps to 1%+ 2°. The different factorizations of 8 into atoms in D (up
to permutation and associates) correspond precisely to the different factorizations of this
sequence into minimal zero-sum sequences:

1°.2° = (1.2)+(1.2).(1-2) = (T°) - (2).
The combinatorial model now easily confirms that the two factorizations of 8 are the only
possible ones.

We can make this approach rigorous. Let (G, +) be any abelian group (think of it as the
class group), and let G be a subset of GG (think of it as the set of classes containing prime
ideals). A sequence over Gy is a finite collection of elements from G, where repetition
is allowed, and the order of elements does not matter. We use multiplicative notation for
sequences. For instance, the sequence S = g1 +g3+g3 consists of one copy of g1, two copies
of g2, and one copy of g;. Sequences can be multiplied by concatenation. Formally, the
sequences over GGy form the multiplicatively written free abelian monoid with basis G.
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Aside from the formal multiplication of sequences, we can also add up the elements
of a given sequence using the group operation of G: the sum of S as above is o(S) =
g1 + 2g2 + g3 € G. A zero-sum sequence is one whose sumis 0 € G.

Definition 5. The monoid of zero-sum sequences over Gy, denoted by B(G), is the
monoid of all zero-sum sequences over G, with the product of two sequences defined to
be their concatenation.

Going back to our example, we have G = Go = Z/37Z. Then 1+ 2, T3, and 2° are zero-
sum sequences in B(Gy). The sequence of length one containing the identity element 0 is
also a zero-sum sequence. We leave it to the reader to check that these are all the minimal
Zero-sum sequences: non-empty zero-sum sequences that contain no non-empty proper
zero-sum subsequence. Every zero-sum sequence can clearly be factored into minimal
zero-sum sequences, so the minimal zero-sum sequences are precisely the atoms of B(Gy).

In the example we saw that B(Z/3Z) provides a simplified model for factorizations in
D. For instance, it tells us about the structure of the factorizations of 8, but does not allow
us to recover the actual factors. Clearly it is much easier to understand 53(Z/3Z) than it is
to understand factorizations in D directly. Let us make this approach precise.

Definition 6. Let H be a cancellative monoid and D be a reduced cancellative monoid
(that is, with 1 as the only invertible element). A transfer homomorphism is a monoid
homomorphism 6: H — D satisfying the following properties:

(T1) 6 is surjective and if #(a) = 1, then « is invertible in H.
(T2) For all « € H and all expressions 6(a) = dydy with dy, do € D, there exist
b1, ba € H such that a = b1by and 6(b;) = d;.

The second property allows us to lift factorizations. Transfer homomorphisms preserve
key factorization data. For instance, it is easy to check that ¢ € H is an atom if and only
if 6(a) is an atom in D. We will see some more consequences shortly, but first we observe
that our homomorphism 9: R® — N{M**()
a monoid of zero-sum sequences.

indeed induces a transfer homomorphism to

Theorem 7. If o: H — D is a divisor homomorphism into a free abelian monoid D =
N(()P), then it induces a transfer homomorphism 0: H — B(Gy) where Gy == {[p] : p €
P} C Cl(yp) is the set of classes containing prime divisors.”

Proof. The map 0 is defined as 7 o p with w(dy + -+ - + dy,) = [d1] + -+ [dy] for d; € P.
For (T1) first note that ¢ is surjective by choice of Go. If 6(a) = 1, then p(a) = 0 = p(1).
Since ¢ is a divisor homomorphism, this means a divides 1, hence is invertible.

Let us verify (T2). Let 0(a) = 5152 with S, S € B(Gp). Decompose p(a) = dy +da
with dy, do € D mapping to S7, Sy (the choice may not be unique). By construction
[di] = o(S1) =0 € Cl(p), so dy € im ¢ by Lemma 4.

Let by € H with ¢(b1) = di. Then ¢(b1) + do = ¢(a). Because ¢ is a divisor
homomorphism, now a = b1bs for bo € H with ¢(by) = da. Then 0(by) = Ss. O

In the case of rings of algebraic integers, such as our initial example D, the group G
is simply the ideal class group of D, which is a finite abelian group, and G = G| by
Chebotarev’s Density Theorem [GHKO06, Cor. 2.11.6].

2A divisor homomorphism, and hence its class group, is not uniquely determined by H. This can be remedied
by further restricting  to be a divisor theory. The interested reader can refer to [GHKO06, §2.4]. Our map 0 is a
divisor theory.
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Corollary 8. If R is a ring of algebraic integers, then there is a transfer homomorphism
R* — B(G) with G = CI(R) the class group.

This key result opened the flood gates for studying non-unique factorizations in rings
of integers using methods from additive combinatorics, for instance, Geroldinger’s Struc-
ture Theorem for Sets of Lengths [Ger88][Ger09, §3]. The literature is far too vast to
cover here, starting points are the standard reference [GHKO06] and [TV06, Ch. 9.5][Ger09,
Gry13, Gerl6, Sch16, GZ20, Gry22]. We only look at one of the earliest results and con-
nect it to a current conjecture.

For a € H, the length set L(a) C Ny consists of all factorization lengths of a. In the
example L(8) = {2, 3}. The system of sets of lengths of H is £L(H) = {L(a) : a € H }.
In the example £(D) = {{0},{1},{2,3},... }, with L(a) = 0 if a is invertible. These
invariants are preserved by transfer homomorphisms.

Proposition 9 ([Gerl6, Lemma 4.2]). If 0: H — D is a transfer homomorphism, then
L(a) =L(0(a)) foralla € H and L(H) = L(D).

A domain R is half-factorial if every element has a factorization of unique length, that
is, if each length set L(a) is a singleton. Carlitz showed that a ring of algebraic integers is
half-factorial if and only if |G| < 2 [Car60, Chal9]. Using Corollary 8 this is now an easy
exercise: show that B(G) is half-factorial if and only if |G| < 2.

An inverse conjecture asks whether £(R®) determines Cl(R), aside from a few triv-
ial exceptions. This conjecture has been proven in interesting special cases, such as for
products of two cyclic groups, but the general case is wide open [GZ17, GS19, GS23].

As a final observation, we did not need a Dedekind domain for the machinery to work.
All that was needed was a divisor homomorphism into a free abelian monoid. This leads
to Krull monoids and Krull domains [GHKO06, Ch. 2][Ger09, GZ20]. This setting not
only opens up a wider class of rings to this method, but also allows us to study direct-
sum decompositions of modules by the same methods [Fac12, BW13] and [FHOO, Fac02,
FW04, BG14, BGGS15].

Instead of going down this road, our eyes are set in a different direction: we step into
the noncommutative world.

3. THE NONCOMMUTATIVE FRONTIER: DEDEKIND PRIME RINGS

A natural noncommutative generalization of Dedekind domains are Dedekind prime
rings [MRO1, Ch. 5][Lev00, LR11]. Before defining them, let us start with two examples.
Beyond matrix rings, the Hurwitz quaternions are a classical example:

H= {a+bi+cj+dkGH:a,b,c,dGZora,b,c,dGZJr%}.

Here i = j? = k* = ijk = —1. The ring H is Euclidean with respect to its norm
N(a + bi + cj + dk) = a® + b*> + ¢* + d?. As such, it is a principal ideal domain and
exhibits a kind of unique factorization [CS03, Ch. 5].> We would however rather focus on
less-unique factorizations.

Over Z[\/g], we find a non-principal ideal domain. In the ring

S = {a—&-bi—&-c% —&—d@ ta,bc,de Z[\/g]}
3Despite uniqueness, an interesting new phenomenon, called metacommutation, arises [CK15]. This has

recently sparked significant activity [FGS16, Cha20, BC21, LM25]. The basic concept is already present in an
abstract setting in work of Asano and Murata [AMS53].
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the element 1 — 24 + k factors as
1-2i+k=(>G+j) - (-1—i—k)=(-1—j+k) - (i+7)
— (i ) (B2 h) =

If we were to compute more examples, we would start to suspect that .S is half-factorial.
But how to prove this? If S were a commutative Dedekind domain, as in the previous
section, it would suffice to find the class group G and the set Gy.

We will extend this to noncommutative rings by again constructing a transfer homo-
morphism, but the path will be more arduous. Several definitions will crop up, but it is not
necessary to fully digest them to follow the arguments.

We take a module-theoretic approach, but other routes are possible in special cases
[Est91, BPAT11, Smel3]. Let us first consider this in the familiar terrain of Z. We can
understand the factorization of an integer n through the cyclic group Z/nZ: a prime factor-
ization n = p{* - - - pi*¥ corresponds to a composition series of Z/nZ with the composition
factor Z/p;Z repeated e; times. Unique factorization of integers thus follows from the
Jordan-Holder Theorem.

The same works in commutative Dedekind domains. If I = P;* --- Pg* is the factor-
ization of a nonzero ideal, then R/I is a finite-length module and its composition factors
are R/ P; repeated e; times. In this way, we can obtain the divisor theory 9 from Section 2
from the composition factors of R/I.

For this to work in noncommutative rings, we need a suitable replacement for Dedekind
domains. In particular, each module R/aR for ¢ € R*® has to have finite length. We
could require R to be a principal ideal domain, but this is too restrictive, as it excludes the
example .S.

In a principal ideal domain, every left and every right ideal is free as left, respectively
right, module. Let us replace free modules by something more general. A (right) module
P is projective if it is a direct summand of a free right module [Lam99, §2A], that is, if
P& X = RU for some set I. A ring R is hereditary if every right and left ideal is
projective. Then submodules of projective modules are again projective [Lam99, §2E].

Commutative hereditary domains are precisely the Dedekind domains [Lam99, Exm.
2.32(k)], so this is promising. Unfortunately, noncommutative hereditary domains are less
well-behaved. They include rings such as the free algebra C(z, y), which do not have the
desired finite-length property for R/aR. Indeed, while a commutative hereditary domain
is always noetherian and integrally closed, for noncommutative domains this is no longer
true. We have to additionally impose these conditions.

Definition 10. A hereditary noetherian prime ring (HNP ring) is a hereditary ring R
that is both left and right noetherian, and prime (meaning I.J # 0 for nonzero ideals I, J
and R is not the zero ring).

While we added noetherianity, we weakened domain to prime. This admits rings like
M,,(Z) that are not domains. Let R be a HNP ring. We now have the following.

Proposition 11 ((MRO1, Prop. 5.4.5]). The quotient R/aR has finite length for a € R®.

To proceed with the construction of a transfer homomorphism, we add an extra con-
dition that replaces integral closedness. While the results hold without it [Smel9], the
arguments are much more technical. For this, we need a ring of fractions Q(R) of R.
Forming rings of fractions of noncommutative rings is a subtle affair [Coh71][Lam99, §9],
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but in our setting Goldie’s Theorem [MROI, Ch. 2 & 3][Lam99, §11] shows that there ex-
ists a ring of fractions Q(R) = {ab™! : a € R, b € R* } and Q(R) is simply a matrix
ring over a division ring. Now we arrive at our replacement for Dedekind domains.

Definition 12. A Dedekind prime ring is a hereditary noetherian prime (HNP) ring
such that { z € Q(R) : I C I} = R for every nonzero ideal I of R.

HNP rings and Dedekind prime rings may seem arcane at first, but are quite natural:
noetherian prime rings are the noncommutative analogues of commutative noetherian do-
mains. Being hereditary just means that the global dimension, a natural homological di-
mension, is at most one [Lam99, Prop. 5.14]. So we are simply looking at the smallest
interesting class of noncommutative noetherian rings.

The examples # and S are Dedekind prime rings. They fall into a more general class
of maximal orders in central simple algebras over number fields. These rings are noncom-
mutative analogues of rings of algebraic integers and appear in the integral representation
theory of groups [Rei75, CR81, CR87]. Other examples are certain endomorphism rings
of modules [MRO1, Prop. 5.3.15].

Now let R be a Dedekind prime ring, with R # Q(R) to avoid trivialities. Following
the example of the integers, we can now define a replacement for the divisor theory 0
from Section 2. Let S(R) be the set of isomorphism classes of simple right R-modules.
We view the composition factors of a finite-length module M as an element (M) of the

free abelian monoid NéS(R)). For instance, if M has composition factors V', W, V, then
(M) =2(V)+ (W). Then (R/I) for a right ideal I, with I N R® # {), plays the role of
the divisor 0(1).
In our example, we have (S/(1—2i+k)S) = 2(V) +2(W) for non-isomorphic simple
modules V' and W, and
(5/(i+35)5) =2(V), (5/(=1—i—=k)S)=(5/(=1-j+k)S)=2W),
(S/(L =i+ L=2k)S) = (S/(¥E2 — j + 5)S) = (V) + (W).

Crucial in the commutative case was that we can recognize principal ideals from their
divisors. We need the same here: if I = aR for some a € R®, we need to be able to tell
this purely from (R/I). Here I = aR for some a € R® if and only if I is free, by [MROI1,
Prop. 3.1.15(iv)]. So we need to understand whether I is free from (R/I).

Let us first consider something less ambitious: what can we recover from R/I = R/bR
with b € R®? Schanuel’s Lemma [Lam99, Lemma 5.1] proves useful. It allows us to
cross-multiply isomorphic quotients, reminiscent of how we calculate with fractions.

Lemma 13. Let M, M’, N, N’ be modules with M, N projective. If
M/M' = N/N', then M®&N' =Na@&M.

Proof. Applying Schanuel’s Lemma to the short exact sequences

0 M’ M M/M'" —— 0
|
0 N’ N N/N' —— 0
shows the claim. [l

From R/I = R/bR we obtain R®1 = R&bR. This is not enough to conclude I = bR.
For now, we sidestep this with a new definition, weaker than isomorphism.
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Definition 14. Two finitely generated projective modules M, N are stably isomorphic if
there exists some k& > 0 such that M @& R* = N @ RF. Equivalently, there exists a finitely
generated projective module X such that M & X = N & X.

Now we can improve the previous lemma to the case where only (R/I) = (R/bR).
Proposition 15. Let M, M’', N, N' be finitely generated projective modules such that
M/M' and N/N' are finite-length modules with (M /M') = (N/N'). Then M & N’ and
N @ M’ are stably isomorphic.

Proof. Let M = Mo 2 My 2 - DMy =M and N=Ny DNy D--- 2 N =N'be
composition series. By the Jordan-Holder Theorem, there exists a permutation o such that
M;_1/M; = Ny(3y—1/No(; for all i. Because R is hereditary, all modules M; and N; are
finitely generated projective. Lemma 13 shows

M;_ 1 & No(i) = No’(i)—l o M; for all 4.
Taking the direct sum over 1 < ¢ < k, we obtain
Moy ® X ®© N = No ® X & My,
with X = @i:ll N, @& M, finitely generated projective. ]

While isomorphic modules are stably isomorphic, the converse can fail. Luckily, in
Dedekind prime rings, stable isomorphism nearly coincides with isomorphism, as a conse-
quence of the deep Cancellation Theorem of Stafford [MRO1, Thm. 11.7.13].*

Theorem 16 ((MRO1, Cor. 11.7.14]). Two finitely generated projective modules M, N are
stably isomorphic if and only if M & R = N & R.

Thus, we can cancel all but one copy of R from a stable isomorphism. Unfortunately, the
last copy need not cancel. This leads to an additional condition, which always holds if R

is commutative (by [MRO1, Prop. 11.1.16] or the Structure Theorem for finitely generated
modules over Dedekind domains [Rot17, §C-5.3]).

Definition 17. The ring R is Hermite if M/ ® R = R © R implies M = R for all finitely
generated projective modules M.

With the Hermite condition, we can finally recognize free right ideals I from (R/I), as
now (R/I) = (R/bR) implies I & R = bR @ R and hence I = R. To proceed, we need
one more observation: every “divisor” actually comes from a right ideal.

Lemma 18. Every (M) € N(()S(R)) occurs as (M) = (R/I) for some right ideal 1.

Proof. Every nonzero right ideal J of a Dedekind prime ring is a generator module [MRO1,
Thm. 5.2.10] (see [Lam99, §18] for generators). This means, for every simple module V,
there exists I C .J with J/I = V. Since we excluded the trivial case R = Q(R), the ring
R has no minimal right ideals [MRO1, Lemma 3.3.4]. Thus, also I # 0, and we can finish
by induction on the length of (M). O

Putting everything together, we have a replacement for the principal divisors.
Theorem 19 ([Smel9, Prop. 3.17]). Let R be a Hermite Dedekind prime ring and let
H:={(R/aR):ac R*} C Ny’

(R))

Then H is a monoid and the inclusion H — N(()S is a divisor homomorphism.

“4This theorem even allows us to cancel X in the proof of Proposition 15, and to conclude M @ N’ = N M’
[LR11, Thm. 34.6], just as in Lemma 13.
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Proof. We see that H is a monoid because (R/abR) = (R/aR)+(aR/abR) = (R/aR)+
(R/bR), using R/bR = aR/abR via x + bR — ax + abR.

Now it suffices to show that (R/I) + (R/aR) = (R/bR) with a, b € R® implies that ]
is free, that is, isomorphic to R. Because R is Hermite, it suffices to show that I is stably
isomorphic to R. For this, note (R ® R)/(I ® aR)) = (R/I)+ (R/aR) = (R/bR), so
Proposition 15 implies RS R® bR =1 ® aR d R. t

Theorem 7 now gives a transfer homomorphism for H'! One more step is needed to get
to R* instead of H. The Jordan-Ho6lder Theorem guarantees uniqueness of the composition
factors up to permutation. It does not say which permutations of the factors can actually
be realized.

Fixing this requires a final condition, tying R closer to the commutative world. The
ring R is bounded if every one-sided ideal of the form aR or Ra with a € R*® contains
a nonzero two-sided ideal. The rings H and S above are bounded. By contrast, the first
Weyl algebra A; := C(zx,y|yx — 2y = 1) is a Dedekind prime ring but not bounded.

Proposition 20. If R is a bounded Dedekind prime ring and M is a finite-length module,
then every permutation of composition factors of M can be realized in a composition series

of M.

Proof. By induction on the length it suffices to check this for modules of length two. Let
M be a module with a submodule N such that M /N =V and N = W are non-isomorphic
simple modules V', W. Then there is a short exact sequence

0 N M M/N —— 0.

In bounded Dedekind prime rings any such sequence splits. This follows from [LR11,
Thm. 15.4], which applies because of [LR11, Lemma 14.3]. So M = N @ N’ with N' =
M/N, and M also has a composition series with composition factors transposed. (I

Finally, we obtain the main result, a transfer homomorphism for R*.

Theorem 21 ([Smel9, Thm. 4.4]). If R is a bounded Hermite Dedekind prime ring, then
there exists a transfer homomorphism from R® to a monoid of zero-sum sequences.

Proof. 1t suffices to show that §: R®* — H, a — (R/aR), with H as in Theorem 19, is
a transfer homomorphism. The non-trivial part is that f(a) = (R/dy R) + (R/d2R) with
d; € R* implies a = byby with b; € R* such that (R/b;R) = (R/d;R).

Rearranging composition factors of R/aR, we find a right ideal R 2 I 2 aR with
(R/I) = (R/d1R). As in Theorem 19, then I = by R with b; € R®. Because aR C b1 R,
there exists by € R® with a = b1bg and (R/b2R) = (I/aR) = (R/d2R). O

A nice thing about this result is that the target monoids are the same ones as in the
commutative case! We can therefore make use of the vast literature on zero-sum sequences
over abelian groups even in the noncommutative setting.

The ring S from the beginning of this section is Hermite and has class group Z/27Z
[SV19, Table 2], with the two simple modules V' and W from (S/(1 — 2i + k).S) both
representing the non-trivial class. So we finally conclude that S is half-factorial.

Unfortunately, dropping either the boundedness condition or the Hermite condition
makes the conclusion fail catastrophically [Smel3, Thm. 1.2][Smel9, §6]. However, in
the classical setting of maximal orders in central simple algebras over number fields, the
boundedness condition is always satisfied. By a deep result of Eichler, the Hermite condi-
tion can only fail in the case of quaternion algebras, where the failure has been completely
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classified [SV19]. In fact, here the Hermite condition is necessary for the existence of a
transfer homomorphism to a monoid of zero-sum sequences, and its absence means that
factorizations behave quite wildly [Smel3, Thm. 1.2].

The methods generalize to bounded Hermite HNP rings [Sme19]. However, let us in-
stead next turn our attention from elements to two-sided ideals.

4. UNCHARTED PEAKS: IDEALS IN HNP RINGS

In a Dedekind prime ring, every nonzero ideal factors uniquely as a product of maximal
ideals [MRO1, Thm. 5.2.9]. For two distinct maximal ideals M, N we have MN =
M NN = NM, so this multiplication is even commutative, exactly as in the commutative
case.

Let R be an arbitrary HNP ring with R # Q(R). The following ring 7} is the easiest
example of such a ring that is not Dedekind. For a prime p, let

T, - {% (2)} and M= {(Z) (2)]'

Here M € Max(T}) is idempotent, so the ideals cannot form a free abelian monoid.

Our goal is to understand the multiplicative structure of the ideals. For a more prototyp-
ical example, we consider a slightly bigger ring 75. Let D be a discrete valuation ring with
prime element 7. For instance, take D = Z,) = { ¢ : a,b € Z, p 1 b }, the localization of
Z at the prime ideal (p), with 7 = p. Let

D (m) (m) (m) (m) ()
Ty=|D D (n) and  J(D):=|D (r) (n)
D D D D D (n)

Observing that 1 — A is invertible in T for A € J(Tv), together with T5/J(Ty) =
(D/(m))3, shows that J(T3) is the Jacobson radical of T5. The ring 75 thus has three
maximal ideals:
D () (m) D () (m) (m) () (m)
Q=|D D (m)|, Q=|D (n) (r)|, =D D (x)
D D (n) D D D D D D
We shall see how the pictures in Figures 1 and 2 represent these ideals and their multi-
plication; we will not have enough space to answer the why.
First we need to understand the set of all nonzero ideals. Before, it was enough to
express an ideal as a product of maximal ideals and note the multiplicity of each maximal
ideal, leading to the classical divisor theory 0 in Section 2. Now

D (x) (7) D (m) (m)
Q1Q2= |D (m) (m)|, but QQ1=|D (7) (7)| =Q1NQa.
D (m) (m) D D (m)

So Q1Q2 # @201, and the previous approach is clearly no longer sufficient. One can
further compute Q1 Q2 = Q1(2Q)1, so the monoid of ideals is not even cancellative.

To recover a good notion of divisors, we take a hint from Section 3 and consider com-
position series. Only this time, we do not consider a maximal chain of right ideals between
R and an ideal I, but a maximal chain of two-sided ideals.

Proposition 22 ([RY 16, §5]). Let I be a nonzero ideal of R, and let
R=I,2Lh26L2 --2I,=1

be a maximal chain of ideals.
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(1) For each k, there exists a unique maximal ideal Py of R such that PiI_1 C I.
(2) The ideals P4, ..., P, are uniquely determined by I, up to permutation.

This leads to Rump and Yang’s definition of divisors.
Definition 23 ([RY 16, Rum25]). The divisor 9(I) of a nonzero ideal is the formal sum
o(I) =Py +---+ P, € NM>D)
with Py, ..., P, as in the previous proposition.

In the example, we have 9(Q;) = Q; and 9(J(Tz2)) = Q1 + Q2 + Q3. More interest-
ingly, we have 9(Q2Q1) = Q1 + Q2 while 9(Q1Q2) = 2Q1 + Q-.

To describe ideals through their associated divisors, the map 0 needs to be injective.
The argument is intricate, and we omit it: it proceeds by showing that the lattice of ideals
is distributive, meaning I N (J + K)=(INJ)+ (INK)forall I, J, K.

Theorem 24 ([RY 16, Prop. 17]). The map O from nonzero ideals to N(()MaX(R))

is injective.

Thus, in principle, we should be able to describe the multiplication of ideals using their
divisors: given ideals I and J with divisors D = 9(I) and E = 9(J), what is 9(IJ)
in terms of D and FE? Looking at our example QQ1Q2 # Q2@ above, we see that the
answer is not simply D + E. Indeed, adding divisors is a commutative operation, while
ideal multiplication is noncommutative.

We first need a better understanding of the set of maximal ideals Max(R). There is a
natural bijection 7 on the set of nonzero ideals, although the precise definition will not be
important for us:

I—7()=(Ry(R:yl)) with (RyI)={xe€Q(R):zI CR}.

The map 7 restricts to a bijection on maximal ideals, and has finite orbits [RY 16, §5]. This
partitions Max(R) into disjoint finite cycles of maximal ideals, with each cycle having a
cyclic order induced by the action of 7.

In the example above, there is just one cycle which has length 3: 7(Q1) = Q2, 7(Q2) =
Q3, and 7(Q3) = Q1. In general, arbitrary cycle structures are possible [LR11, §25]. For
instance, the ring

Z (p) (pq)
Z Z (pqg)
7 7 7

with p # ¢ primes, has one 2-cycle (over q), one 3-cycle (over p), and countably many 1-
cycles (over the remaining primes; these are uninteresting). It turns out that disjoint cycles
behave independent of each other, so our example of a single 3-cycle is already sufficiently
general to understand the general situation.

We now explain how to view divisors as functions.

—~

Definition 25. Let Max(R) := Max(R) x Z.

We view this as a covering space of Max(R): the point (P,n) lies above P for all n.
If C = {P,..., P} is a cycle of maximal ideals, the corresponding set C' x Z is totally
ordered lexicographically: (P;,n) < (Pj,m)ifn < morifn=mandi < j.

Definition 26 ([RY 16, §8][Rum25, §5]). For D € NM*®) et D: Max(R) — Max(R)
be the function that moves each point (P, n) forward by D(P) steps in the natural order.
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o) Q> Qs Qi tQat Qs TQr+6Qs+8Qs

FIGURE 1. Visualization of the divisors corresponding to the idempo-
tent maximal ideals @1, 2, @3, the maximal invertible ideal J(7%)
with 9(J(Tz)) = Q1 + Q2 + Q3, and the more complicated divisor
7Q1 + 6Q2 + 8Qs3. (Colors for easier readability.)

3Q1+2Q2+Q3 Q2 o Q1 o Q3 o Q2 o Q3

FIGURE 2. The divisor D = 3Q1 + 2Q2 + @3 factored in two different
ways,as D = Q10Q20Q3and D = Q20Q1 0Q30Q20Qs.

For example, for the divisor D = 2Q; + Q3,

D(Q1,n) = (Q3,n), D(Q2,n) = (Q2,n), D(Q3,n) = (Q1,n+1).

This embeds divisors into the set of self-maps of Max(R).

The covering space idea gives a way of visualizing such functions. Think of a cylinder
[0,1] x S' with [ marked points P, ..., P, in cyclic order, on each of the two boundary
circles. Now D can be represented by drawing [ paths, connecting each point P; on the
left circle to some point on the right circle, moving forward D(F;) steps. Paths only move
forward in the cyclic order and may wind around the cylinder multiple times, as illustrated
in Figure 1 (the paths are understood up to homotopy).

For instance, if D(Q1) = 4, then the path moves forward 4 steps in the cyclic order.
Thus, it winds around the cylinder once (3 steps), then connects to Q5. If D(Q1) = 6, the
path winds around twice before connecting )1 to itself.

The information that D contains is: (i) which points on the left side connect to which
points on the right and (ii) how many times each path winds around the cylinder.

Self-maps on a set can be composed by function composition, so this gives us a way
to compose divisors! To match ideal multiplication, the order of composition needs to be
reversed (or think of functions as composing from left to right).

Definition 27. The composition of two divisors D, F is the unique divisor D o E with
DoFE=FoD.

Visually, this corresponds to the natural gluing of two diagrams, as in Figure 2. From
the diagram it is immediate that each @); is idempotent. In this visualization, it is also easy
to observe (01 0 Q2 = @1 0 Q2 0 Q1. Figure 2 shows a slightly more complicated example,
factoring D = 3Q1 + 2Q)2 + @3 in two different ways.

Rump and Yang showed that this composition corresponds to ideal multiplication.
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Theorem 28 ([RY 16, Thm. 5], [Rum25, Thm. 4]). For all nonzero ideals 1, J of R, it
holds that O(IJ) = 9(I) o O(J). In particular, the map 0O is an injective homomorphism

from nonzero ideals to (NE)M&X(R)), o).

The reader may have noticed that in the diagrams paths can merge but never cross.
Having such a representation precisely characterizes the image of 0. Algebraically it can
be stated as follows.

Theorem 29 ([Rum?25, Thm. 5]). A divisor D is in the image of O if and only if D(7(P)) >
D(P) — 1 forall P € Max(R).

A consequence is the following surprisingly non-trivial result.

Theorem 30 ([RY 16, Thm. 6]). Every nonzero ideal in R is a product of maximal and
maximal invertible ideals.

Of course, it is now natural to wonder how the operations o and + on NéMaX(R)) are re-
lated. This is beyond the scope of this article, and leads to left quasirings [Rum22][Rum?25,
Proposition 10], an algebraic structure connected to braces, which appear in the study of
set-theoretic solutions to the Yang-Baxter equation [Ven24].

5. THE HORI1ZON: OPEN PROBLEMS

We saw how the classical divisor theory of Dedekind domains can be adapted to study
factorizations in Dedekind prime rings, and that a similar theory exists for ideals in HNP
rings. However, many basic questions remain open. For instance, it is not even known
whether each L(a) is finite in a noetherian domain [BBNS23], although this is an easy
consequence of primary decompositions for commutative noetherian domains.

Among Dedekind prime rings, the first Weyl algebra A; = C(z,y | yz —zy = 1) is
not half-factorial, because

f=v’r=(1+yz)y
has L(f) = {2, 3}. Since A; is neither bounded nor Hermite, our techniques do not apply.
How wild can the length sets be? In B(Z) and in the ring of integer-valued polynomials
Int(Z) every finite subset of N> occurs as length set [Kai99, Fri13]. Might a similar thing
be true for the Weyl algebra?

These questions illustrate that, despite the usefulness of divisor and transfer homomor-
phisms, much is still to be discovered about factorizations in noncommutative rings.
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