EVERY ABELIAN GROUP IS THE CLASS GROUP OF A
SIMPLE DEDEKIND DOMAIN

DANIEL SMERTNIG

ABSTRACT. A classical result of Claborn states that every abelian group is
the class group of a commutative Dedekind domain. Among noncommutative
Dedekind prime rings, apart from PI rings, the simple Dedekind domains form a
second important class. We show that every abelian group is the class group of
a noncommutative simple Dedekind domain. This solves an open problem stated
by Levy and Robson in their recent monograph on hereditary Noetherian prime
rings.

1. INTRODUCTION

Throughout the paper, a domain is a not necessarily commutative unital ring
in which the zero element is the unique zero divisor. In [ClaG6], Claborn showed
that every abelian group G is the class group of a commutative Dedekind domain.
An exposition is contained in [Fos73, Chapter III §14]. Similar existence results,
yielding commutative Dedekind domains which are more geometric, respectively
number theoretic, in nature, were obtained by Leedham-Green in [LLG72] and Rosen
in [Ros73, Ros76]. Recently, Clark in [Cla09] showed that every abelian group is
the class group of an elliptic commutative Dedekind domain, and that this domain
can be chosen to be the integral closure of a PID in a quadratic field extension.
See Clark’s article for an overview of his and earlier results. In commutative
multiplicative ideal theory also the distribution of nonzero prime ideals within the
ideal classes plays an important role. For an overview of realization results in this
direction see [GHKO06, Chapter 3.7c|.

A ring R is a Dedekind prime ring if every nonzero submodule of a (left or
right) progenerator is a progenerator (see [MRO1, Chapter 5]). Equivalently, R is
a hereditary Noetherian prime ring which is also a maximal order in its simple
Artinian quotient ring. A Dedekind domain is a Dedekind prime ring R which is also
a domain (equivalently, udim R = udim gk R = 1). To a Dedekind prime ring R one
can associate an (abelian) class group G(R) in such a way that Ky(R) = G(R) X Z.
Equivalently, G(R) can also be interpreted as a group of stable isomorphism classes
of essential right ideals of R. Since Kj is Morita invariant, the same holds for
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the class group. Every Dedekind prime ring is Morita equivalent to a Dedekind
domain.

Realization questions for class groups within the class of strictly noncommutative
Dedekind prime rings have an easy answer. If R is a commutative Dedekind domain
with class group G(R) and M is a finitely generated projective R-module, then
S = Endg(M) is a Dedekind prime ring with G(S) = G(R). However, S is a PI
ring, and thus in many aspects close to being commutative.

On the other hand, there exist Dedekind prime rings (and domains) of a very
different nature. For instance, the first Weyl algebra A;(K) over a field K of
characteristic 0 is a simple Dedekind domain with trivial class group. The ring
R=TR[X,Y]/(X?+Y?—1) is a commutative Dedekind domain with G(R) = Z/2Z.
If 0 € Aut(R) denotes the automorphism induced by the rotation by an irrational
angle, then the skew Laurent polynomial ring T' = R[z, z™!; 0] is a noncommutative
Dedekind domain with G(T") = Z/27Z. Similar constructions exist that show that
7" for n € Ny appears as class group of a noncommutative Dedekind prime ring.
(See [MRO1, §7.11 and §12.7] for details.)

The mentioned rings are not Morita equivalent to commutative Dedekind domains
and they are all simple rings. In fact, in [GS05], a striking dichotomy is established:
A Dedekind domain which is finitely generated as an algebra over C is commutative
or simple. More generally, if K is a field and a K-algebra R is a Dedekind prime
ring such that dimy R < |K| and R ® K is Noetherian, then R is a PI ring or
simple.

In [LR11, Problem 54.7], Levy and Robson state it as an open problem to
determine which abelian groups can appear as class groups of simple Dedekind
prime rings. The present paper answers this question by showing that any abelian
group can be realized as the class group of a simple Dedekind domain. The main
theorem we prove is the following.

Theorem 1.1. Let G be an abelian group, K a field, and x a cardinal. Then
there exists a K-algebra T which is a noncommutative simple Dedekind domain,
G(T) = G, and each class of G(T') contains at least k mazimal right ideals of T.

Simple noncommutative Dedekind domains are canonically obtained either as
skew Laurent polynomial rings R[z,27!;0] or as skew polynomial rings R[x;d],
where R is a commutative Dedekind domain and ¢ is an automorphism, respectively
0 a derivation. The domains we construct are skew Laurent polynomial rings. It is
well understood how class groups behave under this extension. In this way, the
problem reduces to the construction of a commutative Dedekind domain R with
prescribed class group and automorphism ¢ of R. The automorphism ¢ must be
such that no proper nonzero ideal a is o-stable (that is, o(a) = a), but such that
the induced automorphism on the class group of R is trivial.

The actual construction is very conceptual in nature and proceeds through the
following steps:
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(1) Construct a commutative Krull monoid with class group G and a monoid
automorphism 7 of H such that no nonempty proper divisorial ideal of H is
T-stable.

(2) Extend 7 to K[H]. The semigroup algebra K[H| is a commutative Krull
domain with class group isomorphic to G. The crucial step lies in establishing
that no nonzero proper divisorial ideal of K[H] is T-stable.

(3) A suitable localization R = ST'K[H] is a commutative Dedekind domain, has
the same class group as K[H|, and 7 extends to R. This is analogous to the
same step in Claborn’s proof.

(4) The skew Laurent polynomial ring 7' = R[z,x™'; 7] is a noncommutative simple
Dedekind domain with G(T') = G.

The methods work in greater generality. For instance, the field K can be replaced
by a commutative Krull domain with suitable automorphism. The full result is
stated in Theorem 3.12. Theorem 1.1 is an immediate consequence of Theorem 3.4
and Theorem 3.12. The actual construction is mostly commutative in nature.
Before giving the proofs in Section 3, a number of preliminary results are recalled
in Section 2.

Remark 1.2. Let R be a commutative Dedekind domain which is an affine algebra
over a field K of characteristic 0. Then the ring of differential operators D(R) is a
simple Dedekind domain, and the inclusion R — D(R) induces an isomorphism
Ko(R) = Ko(D(R)) (see [MRO1, Chapter 15]). This induces an isomorphism
G(R) = G(D(R)). In [Ros73], Rosen has shown that any finitely generated abelian
group is the class group of a commutative Dedekind domain which is affine over
a number field. This gives a different way of showing that any finitely generated
abelian group is the class group of a simple Dedekind domain. Using the results
from [Cla09], this can be extended to groups of the form F/H where F is free
abelian and H is a finitely generated subgroup.

2. BACKGROUND: KRULL MONOIDS AND SKEW LAURENT POLYNOMIAL RINGS

All rings and modules are unital. Ring homomorphisms preserve the multiplica-
tive identity. If X is a subset of a domain, we set X* = X ~ {0}. A monoid is a
cancellative semigroup with a neutral element. Monoid homomorphisms preserve
the neutral element. If H is a monoid, H* denotes its group of units. H is
reduced if H* = {1}. A commutative monoid is torsion-free if its quotient group is
torsion-free. N denotes the set of positive integers and Ny the set of all nonnegative
integers. For sets A and B, inclusion is denoted by A C B and strict inclusion by
ACB.

For a set P, let F(P) denote the multiplicatively written free abelian monoid
with basis P. The quotient group q(F(P)) of F(P) is the free abelian group with
basis P. Each a € q(F(P)) has a unique (up to order) representation of the form
a = py'---pl with r € Ny, pairwise distinct py, ..., p, € P and ny, ..., n, € Z°.
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We define supp(a) = {p1,...,pr}, vp,(a) = n; for i € [1,r] and v,(a) = 0 for all
q € P~ supp(a).

2.1. Commutative Krull monoids and commutative Krull domains. We
use [GHEKO06, Chapter 2] as a reference for commutative Krull monoids and [Fos73]
as reference for commutative Krull domains. For semigroup algebras we refer to
[Gil84].

Let (H,-) be a commutative monoid and let 7 € Aut(H). Let q(H) denote the
quotient group of H. The automorphism 7 naturally extends to an automorphism
of q(H), which we also denote by 7. For subsets X, Y C q(H) we define (Y:X) =
{a € qH) | aX C Y} Weset X' = (H:X) and X, = (X 1)~ Then
T((Y:X)) = (7(Y):7(X)) and hence 7(X ') = 7(X)~! and 7(X), = 7(X,).

A subset a C q(H) is a fractional ideal of H if Ha C a and there exists a d € H
such that da C H. If in addition a C H, then a is an ideal of H. A fractional
ideal a is divisorial if a = a,. For all a € q(H), (aH), = aH and hence principal
fractional ideals are divisorial. If a and b are divisorial fractional ideals of H, their
divisorial product is a -, b = (a - b),. For principal fractional ideals, the divisorial
product coincides with the usual ideal product.

H is a commutative Krull monoid if it is v-Noetherian (i.e., satisfies the ascending
chain condition on divisorial ideals) and completely integrally closed (i.e, whenever
x € q(H) is such that there exists a ¢ € H such that c2” € H for all n € N, then
already = € H). From now on, let H be a commutative Krull monoid. If a is
a nonempty divisorial fractional ideal of H, then a is invertible with respect to
the divisorial product, i.e., a-, a~' = H. We denote by F,(H)* the group of all
nonempty divisorial fractional ideals, and by Z(H) the monoid of all nonempty
divisorial ideals. Let X(H) be the set of nonempty divisorial prime ideals. Recall
that X(H) consists precisely of the prime ideals of height 1.

With respect to the divisorial product, Z}(H) is the free abelian monoid with
basis X(H), and F,(H)* is the free abelian group with basis X(H). Hence, every
a € F,(H)* has a unique representation of the form

a=pt oy

with r € Ny, pairwise distinct py, ..., p. € X(H) and nq, ..., n, € Z*. We have
supp(a) = {p1,...,p.} and vy, (a) = n; for i € [1,7].

The principal fractional ideals form a subgroup of F,(H)*. The class group of
H is the factor group

C(H) = Fu(H)"/{aH | a €q(H)}.

We use additive notation for C(H). If a € F,(H)*, we write [a] = [a]g for its class
in C(H). If a, b € F,(H)*, then [a -, b] = [a] + [6].
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Any 7 € Aut(H) induces an automorphism 7, of F,(H)* by means of 7.(a) =
7(a). Then 7,(X(H)) = X(H), the restriction 7, = 7,|z:(s) is a monoid automor-
phism of Z(H), and 7.(aH) = 7(a)H for all a € q(H). In particular, 7, induces
an automorphism of C(H), also denoted by 7., by means of 7.([a]) = [7.(a)].

A commutative Krull domain is a domain D such that D*® is a commutative
Krull monoid. We use similar notation for Krull domains as we have introduced
for Krull monoids. If q(D) denotes the quotient field of D and X C q(D), then
(D:X) is always additively closed. This implies that there exists an isomorphism

Fo(D)* = F,(D*)*, aw> a®.

Concepts related to divisorial ideals on D correspond to ones on D°®. We make
use of this without further mention. In particular, C(D) = C(D*®) canonically, and
we identify. A commutative domain D is a Dedekind domain if and only if it is
a Krull domain with dim(D) < 1. Then every nonzero fractional ideal of D is
invertible and hence divisorial. In particular, C(D) is the usual ideal class group of
the Dedekind domain.

We will construct Krull domains from Krull monoids using semigroup algebras.
The following result is essential.

Proposition 2.1 ([Gil84, Theorem 15.6 and Corollary 16.8]). Let D be a commu-
tative domain and H a torsion-free commutative monoid. The semigroup algebra
DI[H] is a Krull domain if and only if D is a Krull domain, H is a Krull monoid,
and H* satisfies the ascending chain condition on cyclic subgroups. In this case

C(D[H]) = C(D) x C(H).

The isomorphism between C(D) x C(H) and C(D[H]) is obtained naturally by
extending representatives of the divisorial ideal classes in D, respectively H, to
D[H]. If a is a fractional ideal of D, let a[H] = aD[H]| be the extension of a to
D[H]. It consists of all elements all of whose coefficients are contained in a. If b is
a fractional ideal of H, let D[b] = bD[H| be the extension of b to D[H]. It consists
of all elements whose support is contained in b. By a[b] we denote the fractional
ideal whose support is contained in b and whose coefficients are contained in a.
Then a[b] = a[H] - D[b]. Explicitly, the isomorphism of class groups is given by

C(D) x C(H) — C(D[H]), ([a]p, (b))~ [alo]] .
Let 0 € Aut(D), 7 € Aut(H) and let ¢ € Aut(D[H]) be the extension of o and 7
to D[H| (i.e., ¢|p = 0 and ¢|yg = 7). Under the stated isomorphism of the class

groups, the automorphism (o, 7,.) on C(D) x C(H) corresponds to ¢, on C(D[H]).
From now on we identify C(D[H]) = C(D) x C(H).

Proposition 2.2 (Nagata’s Theorem, [Fos73, Corollary 7.2]). Let D be a commu-
tative Krull domain and S C D*® a multiplicative subset. Then the localization S™'D
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is a Krull domain and the map T*(D) — Z;(S™'D), a — S~'a induces an epimor-
phism C(D) — C(S™'D) with kernel generated by those p € X(D) with p NS # ().
In particular, if S is generated by prime elements of D, then C(D) = C(S™1D).

Let D be a commutative Krull domain and let S C D*® be a multiplicative subset.
Then S7!'D is a Dedekind domain if and only if dim(S~'D) < 1. This is the case
if and only if S NP # O for all P € spec(D) with ht(P) > 1.

2.2. Skew Laurent polynomial rings. Let R be a ring and o € Aut(R). By
R[z,z7'; 0] we denote the ring of skew Laurent polynomials. R|x,x'; o] consists
of polynomial expressions in z and z~! with coefficients in R and subject to
ar = xo(a) for all @ € R. Let a be an ideal of R. If o € Aut(R), then a is o-stable
if o(a) = a. The ring R is o-simple if 0 and R are the only o-stable ideals of R.

Proposition 2.3 ([MRO1, Theorem 1.8.5]). Let R be a ring, 0 € Aut(R) and
T = Rlx,x Y 0]. Then T is a simple ring if and only if R is o-simple and no
power of o is an inner automorphism.

If R is a commutative ring, the identity is the only inner automorphism of R.
Hence the second condition in the previous theorem reduces to ¢ having infinite
order. If R is a o-simple commutative domain which is not a field, then ¢ has
infinite order: Suppose ¢ = id for some n € N. Let 0 # a C R be an ideal of R.
Then ac(a)---0™ !(a) # 0 is a proper ideal of R which is o-stable.

Combining our observations so far with [MRO1, Theorem 7.11.2], we obtain the
following.

Proposition 2.4 ([MRO1, Theorem 7.11.2]). Let R be a commutative Dedekind
domain which is not a field, let o € Aut(R), and let T = R[z,z~1;0]. The following
conditions are equivalent:

(a) T is simple.

(b) T is hereditary.

(¢) The Krull dimension of T is 1.

(d) T is a noncommutative Dedekind domain.

(e) R is o-simple.

The behavior of the Grothendieck group K, under skew Laurent polynomial
extensions is well understood. We denote classes in K using angle brackets. We
recall the result from [MRO1, §12.5]. Let R be a ring and o € Aut(R). Let M
be a right R-module. Define a new right R-module M? as follows: As a set,
M? is in bijection with M, where the element of M? corresponding to m € M
is written as m?. The abelian group structure on M? is the one induced from
M, ie., m? 4+ n° = (m+n)?. The right R-module structure on M7 is defined
by (m?)r = (mo~*(r))?. A similar construction works for left modules: To a
left module M associate M with r(?m) = ?(o(r)m). In particular, R with
the usual right R-module structure is an R-bimodule, and M ®f (“R) = M7 as
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right R-modules. Now, ¢ induces an automorphism o, of Ky(R) by means of
(M) — (M°).

Let T = R[z,z~';0]. For a finitely generated projective right R-module M, M®p
T is a finitely generated projective right T-module. This induces a homomorphism
a: Ko(R) — Ko(T). A ring R is right regular if each finitely generated right
R-module has a projective resolution of finite length.

Proposition 2.5 ([MRO1, Theorem 12.5.6]). Let R be a right regular, right Noe-
therian ring. Let o € Aut(R) and T = R[z,z7';0]|. Then the sequence

id —o«

Ko(R) Ko(R) —— Ky(T) 0

15 exact.

Let R be a Dedekind prime ring. Each finitely generated projective right R-
module P has a uniform dimension udimg(P) € Ny. The uniform dimension is
additive on direct sums and induces an epimorphism udimpg: Ko(R) — Z. The
(ideal) class group of R is G(R) = ker(udimpg: Ko(R) — Z). The epimorphism
udimpg splits, hence Ko(R) = G(R) X Z. Let G’ denote the set of stable isomorphism
classes of essential right ideals of R. G’ can be endowed with the structure of an
abelian group by setting [a] 4+ [b] = [¢] if and only if a & b = R @ ¢. Then G’ is
isomorphic to G(R) by means of G’ — G(R), [a] — (a) — (R), and we identify.
When we say that a class g € G(R) contains an essential right ideal a of R, we
mean g = [a] = (a) — (R).

If R is commutative, G(R) is indeed isomorphic the usual ideal class group. The
isomorphism C(R) — G(R) is given by [a] — (a) — (R). If ¢ is an automorphism
of R, we note that under the stated isomorphism of C(R) and G(R), the induced
automorphism o,: C(R) — C(R) corresponds to o,: G(R) — G(R). This is so,
because for an ideal a C R, we have a” = o(a) as right R-modules, via a” — o(a).

Let R be a commutative Dedekind domain. Since udimy(P ®g 1) = udimpg(P)
for all finitely generated projective R-modules P, we obtain a commutative diagram

Ko(R) —2=7 ~ Ky(R) o Ko(T) 0
G(R) x 2 Y Ry x 2 - (1) x 7 0

with the vertical arrows being isomorphisms induced by the splitting of udimg,
udimpg, and udimr respectively. Here «y is the map induced on G(R) — G(T') by

[

«. Using the isomorphism C(R) = G(R), we obtain a short exact sequence

B

id —o«

C(R)
Here, 8([a]r) = (@ @r T) — (T') = [a@r T]r € G(T).

C(R) G(T) 0.
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Remark 2.6. (1) If R and S are Morita equivalent Dedekind prime rings, the
Morita equivalence induces an isomorphism Ky(R) = K(S), which restricts
to an isomorphism G(R) = G(95).

(2) Let R be a Dedekind prime ring. If a and b are stably isomorphic essential
right ideals of R, that is [a] = [b] in G(R), then, in general, it does not follow
that a = b. However, if udimgz R > 2, then [a] = [b] does imply a = b ([LR1L,
Corollary 35.6]). Note that S = M, (R), with n > 2 is a Dedekind prime ring
with G(R) = G(S) and udimg S =n > 2.

3. CONSTRUCTION AND MAIN RESULTS

Lemma 3.1. Let H be a commutative Krull monoid, 7 € Aut(H), and a € F)(H).
Then 7(a) = a if and only if T(a) C a.

Proof. Suppose that 7(a) C a. Then there exists b € Z(H) such that 7(a) = a-, b.
Let a = pitey.. -op? withr € Ng, py, ..., p, € X(H) and ny, ..., n, € Z*. Similarly,
let b=q"" - ..., q" with s € No, q1, ..., qs € X(H) and my, ..., ms € N. Then

T(a) = 7(p)"™ oo T)" =P e B e T e

Then necessarily ny +---+n, =n;+---+n, + my + - - - +ms,. Hence s =0 and
b= H. Thus 7(a) = a. O

Of course, the claim of the previous lemma does not hold for ideals which are
not divisorial. For a counterexample, let K be a field, H = K]..., X_1, Xo, X1, ...]*,
T(Xl) = Xi+1 with T’K = ld, and a = <X07X17 - )

Lemma 3.2. Let H be a commutative Krull monoid and let T € Aut(H). The
following statements are equivalent:

) T(a) #a foralla e F,(H)* ~{H}.

(a
(b) 7(a) #a foralla e ZY(H) ~ {H}.

(c) 7(a) # a for all squarefree a € T (H) ~ {H}.

(d) For all finite ) # X C X(H), it holds that 7,.(X) ={7(p) | pe X } # X.
(e) The induced permutation 7. of X(H) has no finite orbits.

If C(H) = 0, then any of the above conditions is equivalent to
(f) Forallae H~ H* ande € H*, 7(a) # ca.

In particular, if these equivalent conditions are satisfied and ) # A C q(H) is
finite with A ¢ H*, then T(A) # A.
Proof. (a) = (b) = (c): Trivial.

(¢) = (d): By contradiction. Suppose that ) # X C X(H) is such that
7.(X) = X. Set a = (I[pex p)o- Then a € T;(H) \ {H}, a is squarefree, and

7(a) ((H ex Do ) = (ITpex 7(p))» = a. This contradicts (c).
(d) = (e): Clear.
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(e) = (a): Let a € Ff(H)~{H}. Then a = pi' -, ... -, p with r € N,
P, ..., P € X(H) and ny, ..., n, € Z*. Now 7(a) = 7(p1)™ = ... T(ps)"" is
the unique representation of 7(a) as divisorial product of divisorial prime ideals.
Suppose that 7(a) = a. Then 7"(a) = a for all n € Z. Hence the 7.-orbit of p; is
contained in supp(a) = {p1,...,p,}. This contradicts (e).

(b) < (f) Suppose that C(H) is trivial. Then every divisorial ideal is principal.
The claim follows since aH = bH for a, b € H if and only if there exists ¢ € H*
with a = be.

We still have to show the final implication and do so by contradiction. Let
0 # A= {ay,...,a,} C q(H) with A ¢ H*. Since A ¢ H*, the set X =
U, supp(a;H) C X(H) is nonempty. Thus 7.(X) # X by (d), and hence 7(A) #
A. O
Definition 3.3. Let H be a commutative Krull monoid and 7 € Aut(H). H is
called 7-v-simple if the equivalent conditions of Lemma 3.2 are satisfied. If D is
a commutative Krull domain and o € Aut(D), then D is called o-v-simple if the
commutative Krull monoid D* is (o|pe)-v-simple.

A lemma analogous to Lemma 3.2 holds for commutative Krull domains. Since
there is a correspondence between divisorial ideals of D and divisorial ideals of D*,
D is o-v-simple if and only if o(a) # a for all divisorial ideals a of D, etc.

We first construct a reduced commutative Krull monoid H with given class group
(G, as well as an automorphism of H such that H is T-v-simple, and such that 7,
acts trivially on the class group.

Theorem 3.4. Let G be an abelian group and k an infinite cardinal. Then there
exists a reduced commutative Krull monoid H and an automorphism T of H such
that C(H) = G, 7. = ide(m), and H is T-v-simple. Each class of C(H) contains k
nonempty divisorial prime ideals.

Proof. Let (G,+) be an additive abelian group, and let €2 be a set of cardinality .
Let 75: 2 — Q be a permutation such that 70(X) # X for all finite 0 # X C Q.
(Such a permutation always exists. € is in bijection with © x Z, and the map
QAXZ— QXZ, (xr,n) — (z,n+ 1) has the desired property.)

Let D = F(§2 x G) be the free abelian monoid with basis €2 x G. Then 7, induces
an automorphism 7 € Aut(D) with the property that 7((z,g)) = (70(z), g) for
all z € Q and g € G. Let ¥: D — G be the unique homomorphism such that
U((z,g9)) =g forall z € Qand g € G. Set H =4 (0g). Since ¥(r((z,9))) =g =
Y¥((x,g)), we find 7(H) C H. Hence 7 restricts to an automorphism of H, again
denoted by 7.

We claim that (H,-) is a reduced commutative Krull monoid with class group
G, that H is 7-v-simple, and that the induced automorphism 7, of C(H) is the
identity. Moreover, each class of C(H) contains |Q2| divisorial prime ideals. That H
is a reduced commutative Krull monoid with class group G follows from [GHK06,
Proposition 2.5.1.4]. It also follows that the inclusion ¢: H < D is a divisor theory.
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Hence, X(H) = {(z,9)DNH | x € Q, g € G}. By construction, 7 does not fix
any finite nonempty subset of X(H), and hence H is 7-v-simple. On the other
hand, ¥(7(x,g)) = ¥((x,g)) = g, so that 7. acts trivially on C(H). O

Remark 3.5. Let H be a reduced commutative Krull monoid. We note that it is
easy to determine Aut(H). Let 7 € Aut(H). Then 7 induces an automorphism 7,
of Z#(H) and further an automorphism of C(H), that we denote by 7, again. For
g € C(H), denote by X(H)(g) = {p € X(H) | [p] = g} the nonempty divisorial
prime ideals in class g. For all p € X(H), it holds that [7.(p)] = 7([p]). In
particular, if g and h € C(H) lie in the same 7.-orbit, then |X(H)(g)| = |X(H)(h)|.
The automorphism 7 is uniquely determined by the induced 7, € Aut(C(H)) as
well as the family of bijections X(H)(g) — X(H)(7«(g)) induced by 7.

Conversely, suppose that « is an automorphism of C(H) such that for all
g€ C(H), |X(H)(9)| = |X(H)(c(g))|- For each class g € C(H), let 5,: X(H)(g) —
X(H)(a(g)) be a bijection. Then there exists a (uniquely determined) automor-
phism 7 € Aut(H) with 7.(p) = B,(p) for all g € C(H) and p € X(H)(g).

In particular, we obtain the following strengthening of Theorem 3.4: If H is a
commutative Krull monoid such that each class contains either zero or infinitely
many divisorial prime ideals, then there exists a 7 € Aut(H) such that H is
T-v-simple and T, is the identity on C(H).

Let P be a set, F(P) the (multiplicatively written) free abelian monoid with
basis P, and G = q(F(P)) the free abelian group with basis P. Since every element
of G = ZP) has finite support, any total order on P induces a total order on G by
means of the lexicographical order and the natural total order on Z. Explicitly, for
a € G~ {1} we define a > 1 if and only if v,(a) > 0 for p = maxsupp(a). With
respect to any such order, G is a totally ordered group. If (G, -, <) is a totally
ordered group, we set Go; ={a € G |a>1}and G>1 ={a€G|la>1}.

Lemma 3.6. (1) Let P be a set and let 7: P — P be a permutation having no
finite orbits. Then there exists a total order < on P such that T is order-
preserving with respect to <. Moreover, T(x) > x for all x € P.

(2) Let (P,<p) be a totally ordered set. Let T: P — P be a permutation such
that T is order-preserving and 7(x) >p x for all x € P. Let G = q(F(P)),
7 € Aut(G) with T|p = 7, and let < be the total order on G induced by <p.
Then 7(a) > a for all a € Gsy. In particular, T is order-preserving and
7(Gs1) C G

Proof. (1) For z € P, let ™ = {7"(x) | n € Z} be its T-orbit. Since z7 is infinite,
it is naturally totally ordered by 7 (z) < 7"(x) if and only if m < n. Fix an
arbitrary total order on the set of all 7-orbits. For z, y € P, define x < y if and
only if either 7 < y7, or if 7 = y” and there exists an n € Ny such that y = 7"(z).
Then < is a total order on P, and 7 is order-preserving with respect to this order.
Moreover, 7(z) > x for all x € P.
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(2) As already observed, (G,-, <) is a totally ordered group. Let a € G with
a > 1. We show 7(a) > a. We have a = pi* - - pI'" with r € N, pairwise distinct
P1, -, Pr € P and ny, ..., n, € Z*. Using the total order on P, we may assume
p1 > -+ > p.. Since a > 1, we have n; > 0. Now, 7(a) = 7(p1)™ ---7(p,)"".
Since T is order-preserving with respect to <p, we have 7(p;) > --- > 7(p,) and
moreover 7(p;) > p;. From the way we defined the total order on G, it follows that
7(a) > a > 1. In particular, 7 is order-preserving and 7(Gs1) C G>;. O

If F(P) is a free abelian monoid and 7 is an automorphism of F(P) which has no
finite orbits on P, then Lemma 3.6 implies that the quotient group q(F(P)) admits
the structure of a totally ordered group with respect to which 7 is order-preserving,
etc. The following is a strengthening of this result to quotient groups of reduced
commutative Krull monoids.

Proposition 3.7. Let H be a reduced commutative Krull monoid and let T €
Aut(H) be such that H is T-v-simple. Let G denote the quotient group of H, and
denote the extension of T to Aut(G) again by 7. Then there exists an order < on
G such that (G,-, <) is a totally ordered group, H C G>1, and 7(a) > a for all
a € Gs1. In particular, T is order-preserving on G and 7(Gs1) C Gs1.

Proof. Since H is a commutative Krull monoid, it has a divisor theory. Because H
is reduced, this divisor theory can be taken to be an inclusion. Thus, explicitly,
there exists a set P such that .: H — F = F(P), G C q(F), and such that the
inclusion ¢ induces a monoid isomorphism

o F—>ThH), a—aFNH.

Moreover, (¢*)"'(aH) = a for all @ € H, and (*|p: P — X(H) is a bijection.
(See [GHKOG, Theorem 2.4.7.3].) Recall that 7 induces a monoid automorphism
To: L(H) — Z*(H) and that 7.(aH) = 7(a)H for all a € H.

We first show that 7 extends to an automorphism of F'. Through ¢*, we obtain
an automorphism 7 = (:*)~! o 7, 0 «* € Aut(F). But we also have H C F via the
inclusion ¢. We claim that in fact 7|y = 7. Let a € H. Then

Tla) = () om0 (a) = (t*) T or(aH) = (*) H(r(a)H) = 7(a).

Moreover, T extends to an automorphism of q(F), again denoted by 7, and then
also T|g = 7 on G.

The automorphism 7 induces a permutation on P, and Lemma 3.2(e) implies
that 7 does not have any finite orbits on P. Thus, Lemma 3.6(1) implies that there
exists a total order <p on P such that 7|p: P — P is order-preserving and 7(p) > p
for all p € P. Let < denote the order on q(F') induced by <p. Then (q(F),-, <) is
a totally ordered group. By Lemma 3.6(2), 7(a) > a for all a € q(F)>1. Denote
the restriction of < to G again by <. Then (G, -, <) is a totally ordered group,
and 7(a) > a for all a € G+4. Clearly H C G»1. O
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Let (G, -, <) be a totally ordered group and K a field. The group algebra K[G]
is naturally G-graded. Using the total order on G, it is easy to check that K[G]
is a domain. Every unit of K[G] is homogeneous, that is, K[G]* = {Ag | A €
K*, g € G}. Tt follows that every nonzero principal ideal a of K[G] has a uniquely
determined generator of the form 1+ f with supp(f) C G-;. We call 1+ f the
normed generator of a.

Proposition 3.8. Let H be a reduced commutative Krull monoid, and let 7 €
Aut(H) be such that H is T-v-simple. Let G denote the quotient group of H and
let K be a field. If ¢ € Aut(K|[G]) with o|g = 7 and ¢(K) C K, then K|G] is
p-v-simple.

Proof. Denote the extension of 7 to G again by 7. Note that ¢|¢ = 7. By
Proposition 3.7, there exists an order < on G such that (G, -, <) is a totally ordered
group and 7(G~1) C G1. Since G is a subgroup of a free abelian group, it satisfies
the ascending chain condition on cyclic subgroups. Hence, K[G] is a commutative
Krull domain with trivial class group by Proposition 2.1. Thus, every divisorial ideal
of K[G] is principal. To show that K[G] is ¢-v-simple it therefore suffices to show
©(a) # a for all principal ideals a of K[G] with a ¢ {0, K[G]}. Let a be such an
ideal. Let f € K[G] with supp(f) C G- be such that 1+ f is the normed generator
of a. Since a # K[G], we have supp(f) # 0. Now o(14f) = ¢(1)+@(f) = 1+¢(f).
Moreover, supp(¢(f)) = 7(supp(f)) C Gs1. Hence 14+¢(f) is the normed generator
of ¢(a). Since H is 7-v-simple, 7(supp(f)) # supp(f) by Lemma 3.2. Thus
14+ o(f) #1+ f, and ¢(a) # a. O

Theorem 3.9. Let D be a commutative Krull domain and let o € Aut(D) be
such that D is o-v-simple. Let H be a reduced commutative Krull monoid and let
T € Aut(H) be such that H is T-v-simple. Let ¢ € Aut(D[H]) denote the extension
of o and T to D[H], i.e., p|p = 0 and ¢|g = 7. Then D[H] is p-v-simple.

Proof. Let ¢, denote the permutation of X(D[H]) induced by ¢. There are injective
maps

— p[H], "y = Dl

The image of ¢}, consists of all p € X(D[H]) with p N D* # (), while the image of
vj; consists of all p € X(D[H]) with pN H # (). Let K = q(D) and G = q(H). The
group algebra K[G] is the localization of D[H| by H and D®. There is a bijection
{pcX(D[H]) [pn(D*UH) =0} — X(K[G]),
Ukl | P = pKI[G],
% N D[H] o,

{xw) — X(D[H]), . {%(H) — X(D[H]),
D p

In particular,
X(D[H]) = pX(D) U 15 X(H) U (e X(K[G]).
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All of this follows from [Gil84, Chapter II1, Sections 15 and 16}, together with the fact
that nontrivial essential discrete valuation overmonoids (overrings) of commutative
Krull monoids (domains) bijectively correspond to nonempty (nonzero) divisorial
prime ideals. That ¢, takes the stated form follows from [Gil84, Theorem 15.3],
and the corresponding fact for ¢}, is a consequence of [Gil84, Theorem 15.7]. The
stated decomposition of X(D[H]) follows from [Gil84, Corollary 15.9].

Since p(H) = H and ¢(D) = D, each of the sets (5, X(D), 1;;X(H), and
(L) X(K[G]) is fixed by ¢.. To show ¢,(X) # X for all finite ) # X C
X(DI[H]), it therefore suffices to consider subsets of each of these three sets. If
X C HX(D), then ¢, (X) # X, since D is o-v-simple. If X C ¢}, X(H), then
w«(X) # X, since H is T-v-simple.

Finally, consider the case where X C (tjq) ' X(K[G]). Since p(H) C H and
w(D*®) C D*, ¢ extends to an automorphism of K[G|, which we again denote by
¢. It now suffices to show that K[G] is ¢-v-simple. However, this follows from
Proposition 3.8. U

The following Lemma 3.10(1) is a slight reformulation of the original localization
argument of Claborn, which can be found in [Fos73, Theorem 14.2] and [Cla66,
Theorem 7]. Since we need to observe some details in the argument, we give the
proof anyway. Recall that if D is a commutative domain and a, b € D are coprime
(that is, aD NbD = abD), then aX + b is a prime element of D[X] (see [Fos73,
Lemma 14.1]).

Lemma 3.10. Let D be a commutative Krull domain, and let H be a commutative
Krull monoid containing a countable set P of non-associated prime elements, so
that H = Hy x F(P) with a commutative Krull monoid Hy. Suppose that D[H] is
a Krull domain.

(1) There ezists a multiplicative subset S C D[H]® such that S is generated by
prime elements of D[H], SN D[Hy| = 0, and S™'D[H] is a Dedekind domain
but not a field.

(2) If ¢ € Aut(D[H]) with p(P) C P, then S can be chosen in such a way that
e(S) C S.

(3) Let S be a multiplicative subset of D[H|®* such that ST'D[H] is a Dedekind
domain. Let ¢ € Aut(D[H]) be such that D[H] is @-v-simple and p(S) C
(STID[H])*. Then ¢ extends to an automorphism o5 € Aut(S™*D[H]) and
S~ID[H] is @g-simple.

Proof. (1) We have D[H] = D[Hy|[F(P)] = D[Hy][..., X1, X0, X1,...]. Let P €
spec(D[H]) with ht() > 1, and let ap € PB*. Let py, ..., p, be the divisorial
prime ideals of D[H] that contain ag. By prime avoidance, there exists an element
bp € PN (p1U...Up,). Let Xy e {. .., X 4,Xo,Xy,...} be such that Xy is not
contained in the support of ag or by. Then D[H| = Ry[Xg| with Ry = D[Ho|[{ X |
i€Z, X; # Xy }] and ay, by € Ry are coprime. Hence fy = ap Xy + by is a prime
element of D[H], and fy € PB. By construction, fy ¢ D[Hy.



EVERY ABELIAN GROUP IS THE CLASS GROUP OF A SIMPLE DEDEKIND DOMAIN 14

Let @ = { fu | P € spec(D[H]), ht(*P) > 1} and let S be the multiplicative
set generated by Q. Since spec(S™'D[H]) is in bijection with {p € spec(D[H]) |
pNS #0Q}, it follows that S~ D[H] is a Krull domain of dimension at most 1, i.e.,
a Dedekind domain. Moreover, S N D[Hy| = (.

If D[H) is not a field, then neither is S~'D[H]. It only remains to consider the,
degenerate, special case where D[Hy| is a field, i.e., Hy is the trivial monoid and
D = K is a field. Then D[H| = K]|...,X_1, Xy, X1,...] is a polynomial ring in
countably many indeterminates. By construction, ) only contains elements with
X;-degree equal to 1 for some i € Z. However, D[H]| contains prime elements which
are not of this form (e.g., X? + X2 X, + Xo).

(2) If B € spec(D[H]) with ht(B) > 1, then also ht(p()) > 1. Thus ¢ induces a
permutation of prime ideals of height greater than 1. Denote a set of representatives
for the orbits by 2. For each P in €2, choose fy asin (1). For all n € Z, ¢"(fy) is a
prime element contained in ¢" (). Since ¢(P) C P, we have ¢"(fy) ¢ D[H,]. Set
Q = Ugpea Unez " (fy), and let S be the multiplicative subset of D[H]* generated
by Q. Since ¢(Q) C @, also p(S) C S. Thus, S has the stated properties.

(3) Since ¢(S) C (ST'D[H])*, ¢ extends to an automorphism g of S™'D[H].
Localization induces a bijection between {p € X(D[H]) | pN S = 0} and
X(S™'D[H]). Hence ST'D[H] is pg-v-simple. Since S™'D[H] is a Dedekind
domain, every ideal is divisorial. Thus S~'D[H] is ¢g-simple. O

Remark 3.11. Most of the technicalities in the previous proof can be avoided as
long as C(H) is non-trivial and we are not picky about whether or not SN D[Hy| =
(). In this case, we take S to be the multiplicative set generated by all prime
elements of D[H]. Claborn’s argument shows that each B € spec(D[H]) with
ht(33) > 1 contains some prime element, so that indeed dim(S™'D[H]) < 1. We
have p(S) C S, since prime elements are mapped to prime elements by ¢. And,
finally, since C(H) is non-trivial, there must exist a non-principal divisorial prime

ideal p € D[H]. Then p NS = ), hence dim(S~'D[H]) = 1.

Theorem 3.12. Let D be a commutative Krull domain and let o € Aut(D) be such
that D is o-v-simple. Let H be a reduced commutative Krull monoid containing
prime elements, and let T be an automorphism of H such that H is T-v-simple.
Let ¢: D[H| — D[H] denote the extension of o and T to D[H], that is, p|p = o
and oy = 7. Let p € H be a prime element and let p” = {7"(p) | n € Z} be its
T-orbit, so that H = Hy X F(p™) for a Krull monoid Hy.

(1) There exists a multiplicative subset S of the semigroup algebra D[H] such
that S is generated by prime elements, S N D[Hy| = 0, ¢(S) C S, and the
localization ST'D[H] is a Dedekind domain but not a field.

(2) Let S C D[H]® be a multiplicative subset such that R = ST'D[H| is a Dedekind
domain but not a field and o(S) C R*. Let A be the subgroup of C(D)xC(H) =
C(D[H]) generated by classes of p € X(D[H]) with pNS # (0. Then ¢ extends to
an automorphism s of R, the skew Laurent polynomial ring T = R[z,x™"; pg]
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is a noncommutative simple Dedekind domain, and the following sequence of
abelian groups is exvact:

id —(ox,7)

C(D) x C(H)/A

C(D) x C(H)/A "~ G(Rlz, a7 ps]) —= 0.

Here, (0., 7.) is the automorphism of C(D) x C(H)/A induced by o and 7.
The map 3 is induced as follows: If a € F,(D)*, the class of a is mapped to
(a[H|/@rT)—(T). Ifb € F,(H)*, the class of b is mapped to (D[b]@gT)—(T).

Proof. (1) Since 7 does not have finite orbits on X(H), the orbit p™ of p consists of
countably many non-associated prime elements. Let S be a multiplicative subset
of D[H] as in Lemma 3.10(2), where we take P = p°.

(2) By Theorem 3.9, D[H] is p-v-simple. By Lemma 3.10(3), ¢ extends to
an automorphism ¢g € Aut(R), and R is pg-simple. By Nagata’s Theorem and
the identifications we have made, C(D) x C(H)/A = C(R) with the isomorphism
given by ([a]p, [b]g) + A — [S~'a[b]]. Since R is @g-simple, T = R[z,z"!; 0]
is a noncommutative simple Dedekind domain by Proposition 2.4. Under the
identification of C(D) x C(H)/A with G(R), the automorphism (o, 7.) corresponds
to .. The exact sequence of class groups follows from Proposition 2.5 and the
discussion that followed it. O

Remark 3.13. The technical condition that H contains a prime element (and hence,
since 7 does not have any finite orbits on X(H ), infinitely many non-associated ones)
is necessary so that D[H] has the form D[Hy][..., X_1, Xo, X1,...] with ¢ acting
by ¢(X;) = X;11. The countably many indeterminates are used to construct the
prime elements which generate S, see Lemma 3.10. (See [Chall, Proposition 14]
for a refinement that only needs one indeterminate.) If H does not contain a prime
element, we may replace H by H' = H x F(...,p_1,p0,P1,--.) and extend 7 by
7(p;) = pir1- Then H’ satisfies the conditions of the theorem, and C(H) = C(H’).
By formulating the theorem in the slightly more technical way, we avoid the need
to enlarge H if it already contains prime elements.

Proof of Theorem 1.1. We assume without restriction that  is infinite. Let G be
an abelian group. Theorem 3.4 implies that there exist a reduced commutative Krull
monoid with C(H) = G and an automorphism 7 of H such that H is 7-v-simple,
T.: C(H) — C(H) is the identity, and each divisorial ideal class of H contains &
nonempty divisorial prime ideals. We may moreover assume that H contains at
least two distinct 7-orbits of prime elements. Let K be a field. Then K is simple,
and hence idk-v-simple. Let ¢: K[H] — K[H] be the automorphism of K[H| with
vlg = 7 and ¢|x = idg. Let P C H be a countable set of prime elements such
that 7(P) C P and H ~ P still contains x prime elements. Then H = Hy x F(P)
with a Krull monoid Hy. Each class of C(Hj) contains s divisorial prime ideals.
Applying Theorem 3.12, we find a subset S C K[H] such that S N K[Hy] = 0,
the localization R = S~ K[H] is a commutative Dedekind domain but not a field,
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and T'= ST'K[H]|[z,27'; ¢s] is a noncommutative simple Dedekind domain with
G(T)=G.

If pe X(H), then K[p] € X(K[H]). It p¢ {(p) | p € P}, then K[p]NS =0 by
construction. In this case, S™!p is a nonzero prime ideal of R. Thus, each ideal
class of R contains at least k nonzero prime ideals. If q is a nonzero prime ideal of
R, then g7 is a maximal right ideal of 7" by [MRO1, Lemma 6.9.15]. Since T is flat
over R, we have qT = q®gT. If p € X(H), the isomorphism g: C(H) — G(T)
maps [p] to (K[p]| @ T) — (T). It follows that each class of G(T") contains at least
r maximal right ideals. U

Remark 3.14. (1) We can only give a lower bound on the cardinality of maximal
right ideals in each class. Apart from the divisorial prime ideals of the form K [p]
with p € X(H), additional divisorial prime ideals arise from prime elements of
K[q(H)]. In [Chall], Chang has shown that if D[H] is a commutative Krull
domain and H is non-trivial, then each divisorial ideal class contains a nonzero
divisorial prime ideal.

(2) A domain D is half-factorial if every element of D*® can be written as a product
of irreducibles and the number of irreducibles in each such factorization is
uniquely determined. It is conjectured that every abelian group is the class
group of a half-factorial commutative Dedekind domain. See [Gil06, §5] for
background. The conjecture is equivalent to one purely about abelian groups
([GHKO06, Proposition 3.7.9]). See [GGO03] for progress on this question.

Acknowledgments. I thank Alfred Geroldinger for feedback on a preliminary
version of this paper.
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